We present a functional renormalization group calculation of the properties of a quantum critical metal in d = 2 spatial dimensions. Our theory describes a general class of Pomeranchuk instabilities with N b flavors of boson. At small N b we find a family of fixed points characterized by weakly non-Fermi-liquid behavior of the conduction electrons and z ≈ 2 critical dynamics for the order parameter fluctuations, in agreement with the scaling observed by Schattner et al. [Phys. Rev. X 6, 031028 (2016)] for the Ising-nematic transition. Contrary to recent suggestions that this represents an intermediate regime en route to the scaling limit, our calculation suggests that this behavior may persist all the way to the critical point. As the number of bosons N b is increased, the model's fixed-point properties cross over to the z ≈ 1 scaling and non-Fermi-liquid behavior obtained by Fitzpatrick et al. [Phys. Rev. B 88, 125116 (2013)].
We present a functional renormalization group calculation of the properties of a quantum critical metal in d = 2 spatial dimensions. Our theory describes a general class of Pomeranchuk instabilities with N b flavors of boson. At small N b we find a family of fixed points characterized by weakly non-Fermi-liquid behavior of the conduction electrons and z ≈ 2 critical dynamics for the order parameter fluctuations, in agreement with the scaling observed by Schattner et al. [Phys. Rev. X 6, 031028 (2016)] for the Ising-nematic transition. Contrary to recent suggestions that this represents an intermediate regime en route to the scaling limit, our calculation suggests that this behavior may persist all the way to the critical point. As the number of bosons N b is increased, the model's fixed-point properties cross over to the z ≈ 1 scaling and non-Fermi-liquid behavior obtained by Fitzpatrick et Introduction. A major question in modern condensed matter physics is how to describe states of matter that are metallic but do not have coherent fermionic quasiparticle excitations. These 'non-Fermi liquids' appear in several families of materials, including the cuprates [1] , the heavy-fermion compounds [2] , and the iron-based superconductors [3] . They are also important in nuclear physics, where they describe dense quark matter interacting with gauge fields [4] .
A common approach to formulating theories of these non-Fermi-liquid states is to regard them as arising from the interaction of the electronic excitations of a conventional metal with the slow bosonic fluctuations associated with incipient long-range order (ferromagnetic, antiferromagnetic, nematic, etc., depending on the material in question). In such approaches, fermion-fermion interactions are assumed to be mediated only via these bosonic modes, which may be thought of as resulting from a Hubbard-Stratonovich decoupling of the original four-fermion interactions.
The modern formulation of Landau's Fermi-liquid theory is in terms of a renormalization group (RG) fixed point for which all interactions are irrelevant, except for a low-temperature instability to superconductivity [5] [6] [7] . Close to a quantum critical point (QCP), however, additional degrees of freedom arise, causing the breakdown of Landau's theory and the occurrence of non-Fermi-liquid physics.
Traditionally the analysis of such mixed fermion-boson theories is performed by integrating out the fermionic degrees of freedom to produce an effective order-parameter theory of the quantum critical metal [8, 9] . The bosonic propagator gains a Landau-damping term with a dynamical exponent z which encodes the decay of the order parameter into particle-hole excitations. However, integrating out gapless modes on the Fermi surface causes non-analytic and singular corrections to the effective order parameter [10] [11] [12] .
Because of these issues, interest has recently grown in approaches that retain the fermionic degrees of freedom and treat the fermions and bosons on an equal footing. A particular case of interest is that of a metal approaching the transition to Ising-nematic order. In two spatial dimensions the electron nematic was first predicted to exhibit overdamped z = 3 dynamics of the boson with a fermionic self-energy of the form ω 2/3 [13] . However, within the field-theoretic RG treatment it was then discovered that high-loop diagrams contribute even when the number of fermion flavors is large [14] , and singular corrections arise in the fermion and boson selfenergies [15, 16] , raising doubts about the validity of these conclusions. Further, recent quantum Monte Carlo studies have suggested the theory is governed by z = 2 critical dynamics [17] . z = 2 dynamics has so far only been found in theories with many boson flavors [18] ; however, as we show in this Letter, this may not be the whole story.
The status of Wilsonian approaches to the problem appears, if anything, even less clear. Wilsonian effective field theories cannot develop non-local or non-analytic corrections, and it is not obvious how z = 3 boson dynamics could arise during the flow. Attempts to combine Wilsonian and perturbative methods [19] have provided novel results but have not addressed the nature of how z = 1 dynamics can arise from the local ultra-violet (UV) theory. Previous perturbative Wilsonian analysis starting with local propagators [20] found no departure from z = 1 dynamics: the infra-red (IR) fixed point was found to be of the Wilson-Fisher type, with a fermionic selfenergy of the form ω 3/4 , which disagrees with the result of the field-theoretic RG.
In this Letter we demonstrate the links between some of the above results, via a functional RG (fRG) analysis of a quantum critical metal with N b bosonic flavors in d = 2 spatial dimensions. As well as N b , our results also depend on another parameter, N ≡ k F /k UV , where k F is the radius of the Fermi surface and k UV is the momentum scale characterizing the limit of validity of our starting Fermi-liquid theory (see Fig. 1 ). For N b N , we find behavior reminiscent of the numerical results of [17] : weakly
A portion of the Fermi surface of our model, showing the two relevant high-energy scales in the problem: kF , the Fermi momentum, and kUV, the upper limit of validity of our starting Fermi-liquid theory. These enter our fixed-point results as a dimensionless ratio, N ≡ kF /kUV. The figure also shows an example of particle-hole annihilation by a boson with momentum q = k − k .
non-Fermi-liquid conduction electrons and z ≈ 2 critical dynamics for the bosonic order parameter fluctuations.
For N b N , we recover the z ≈ 1 scaling and ω 3/4 nonFermi-liquid behavior obtained in [18] . Importantly, our theory is able to describe the crossover between these two types of behavior as N/N b decreases (see Fig. 2 ).
Model and methods. Our effective field theory describes a Pomeranchuk instability, i.e. the breaking of Fermi-surface rotational symmetry. Pomeranchuk instabilities are classified by their angular momentum channel l; the Ising-nematic transition, for example, is the N b = 1, l = 2 case of our model. As the momentum dependence of the coupling g(k, q) becomes irrelevant at low energies, the results obtained for the l = 0 instability g(k, q) ≈ g become general for all channels [20] . In many aspects our calculation follows that of Maier and Strack [21] , who performed a similar analysis for a cuprate-like strange metal with a spin-density-wave instability. Some of the more technical details of our calculation may be found in the Supplemental Material.
We assume a circular Fermi surface [6] ; the entire Fermi surface is retained, and thus additional constraints on scaling imposed in patch-scheme studies are avoided. We linearize the dispersion near the Fermi surface: ξ k ≈ A x with k =n(k F + ), such that is a perpendicular displacement in the directionn from the Fermi surface to k. scales towards the Fermi surface under the RG. The Fermi momentum k F is fixed and does not scale. Momenta parallel to the Fermi surface are instead parameterized by angles as is usual in Fermi liquid theory.
The linearization procedure is valid for | | < k UV , where k UV is the momentum scale above which the Fermi-liquid effective field theory breaks down [26] . Thus k UV and k F replace the microscopic degrees of freedom of the system with parameters that can ideally be determined from experiment. The low-energy theory is thus intrinsically k UV -and k F -dependent, and the fixed-point properties we obtain are dependent on the non-universal quantity N = k F /k UV . The quantity N also arises in the RG of Shankar [7] except with k U V as the flow parameter. This allows for a 1/N expansion in the low-energy limit as k U V is lowered, suppressing large classes of diagrams.
We use the fRG formulated by Wetterich [22] , which is a modern implementation of Wilsonian renormalization which iteratively integrates out degrees of freedom within the functional-integral representation of the theory's partition function. The governing flow equation,
takes the form of a functional differential equation for the effective action Γ, the generator of one-particleirreducible correlation functions. Here the supertrace is defined by STr A = Tr A b − Tr A f , with A b and A f the bosonic and fermionic sectors of the matrix A. The trace Tr denotes a sum over field degrees of freedom and integration over frequencies and momenta. The Hessian Γ
δχ is a matrix of functional derivatives with respect to superfields χ and χ composed of the fermionic and bosonic degrees of freedom.
The effective average action Γ Λ flows from the microscopic action Γ Λ→ΛUV = S at UV scale Λ UV to the quantum effective action Γ Λ→0 = Γ in the IR. The regulator function R Λ is introduced to induce the flow of Γ Λ and cuts off IR divergences, suppressing frequencies |ω| < Λ [23] .
The form of the regulator function R Λ is an important feature of our RG scheme. In non-relativistic fRG schemes, momentum cutoffs have been found to suppress the fermionic soft modes that give rise to the Landaudamping of the order parameter fluctuations [24, 25] . This is because the low-energy behavior of the order parameter is governed by a single point in momentum space, whereas fermionic properties are determined by gapless excitations along the entire Fermi surface, a manifold with codimension one, a discrepancy that is hard to deal with in momentum-based RG schemes. For these reasons, and following Maier and Strack [21] , we use a frequency cutoff, which allows us to capture the soft-mode excitations as they become singular towards q = 0.
Our fermion regulator function takes the following form:
with
Both bosonic and fermionic frequencies scale towards zero, meaning that the complexity of the scaling to the Fermi surface manifold is avoided. Our bosonic regulator function is
The action for the quantum critical metal is
Thus the action Γ is parameterized by seven renormalization constants which depend on the running scale Λ. The fermion and boson fields are coupled by a local Yukawa interaction, and we have truncated the bosonic self-interactions at quartic order. The parameters A τ and A x renormalize the frequency and momentum dependence of the fermion propagator independently. They can be expressed in Fermi liquid form with quasiparticle weight Z = 1/ A τ and Fermi velocity v = A x / A τ . The Λ dependence of the parameters has been suppressed for brevity.
The bosonic propagator is parameterized by three scale dependent factors B τ , B x andδ. The order parameter is an N b -component symmetric scalar field with velocity c 2 = B x / B τ describing collective excitations in the symmetric phase. No gapless fermionic modes have been integrated out so the propagator is fully local and has the dynamical exponent z = 1. This correctly describes the physics in the high-energy limit of the theory. The frequency and momentum terms are again allowed to renormalize separately. The dimensional massδ vanishes as Λ → 0 to reach criticality.
Additional four-point fermion vertices generated in the flow are neglected. This allows us to retain a minimal model for the electron-boson system describing only the critical state at the transition, but means that we ignore eventual pairing instabilities that may set in close to the critical point.
Imposing that momenta and frequency scale in the same way, as 
For large momentum transfers parallel to the Fermi surface the Yukawa coupling is irrelevant [6, 20] . For small momentum transfers withn ≈n the full momentum dependence of the Yukawa couplingg(k, q) =g +ã 1 + a 2 |q| + . . . can be ignored as only the constant part g is relevant and all higher-momentum terms in the expansion are irrelevant. 
are given by
The boson anomalous dimensions, defined as η
For the fermionic sector, the momentum anomalous dimension η
The frequency anomalous dimension η
The fermion anomalous dimensions η The eigenvalues θ i of −M ij characterize the scaling laws at the fixed point. Positive eigenvalues correspond to relevant RG directions. As a consequence of using a frequency scale as a flow parameter the largest eigenvalue θ 1 gives the exponent θ 1 = 1/νz for the behavior of the correlation time τ . Were we instead using a momentum scale Λ k as the flow parameter, the largest eigenvalue of the Λ k -flow stability matrix would give 1/ν: we thus see that the mapping between frequency and momentum stability matrices is non-trivial for z = 1. The critical exponent γ is calculated for the susceptibility χ = 1/δ; the critical exponent η is just equal to η b x . At the QCP the bosonic self-interaction remains finite. This leads to the fixed point solution for the mass
For N b = 1 and in the N → ∞ limit δ * → 12 and g 2 * → 1 at the fixed point, while the anomalous dimensions approach
The largest eigenvalue of the stability matrix corresponding to the mass term approaches θ 1 → 1, and thus νz → 1. This gives the critical exponents
The static exponents are mean-field-like, while the dynamical exponent departs substantially from the highenergy form. Significantly, the exponents match those seen numerically by Schattner et al. [17] . They argued that their z ≈ 2 scaling was a property of an intermediate finitetemperature regime preceding a scaling regime that was inaccessible to their quantum Monte Carlo analysis at the system sizes they could reach. However, we find a stable QCP at N b = 1, which suggests that the z = 2 regime can exist at zero temperature and all the way to the QCP.
In the N/N b → 0 limit the effect of fermionic fluctuations is decreased such that η b τ → 0 and a non-Fermi liquid state is formed
The boson dynamics become z → 1 and the fixed point values of δ and λ become those of the decoupled WilsonFisher fixed point. The crossover between these two regimes is shown in Fig. 2(c) . The eigenvalue θ 2 corresponding to the bosonic interaction term is irrelevant. It becomes exactly marginal in the N/N b → ∞ limit when the interacting fixed point collides with an unstable multicritical point with λ * = 0. As N b becomes large the eigenvalues become more recognizable as those of a Wilson-Fisher fixed point, altered slightly due to the coupling to fermions. The eigenvalues are plotted as functions of N b in Fig. 2(d) , for a fixed value of N .
Summary and discussion. We have presented a functional RG analysis of a quantum critical metal in the vicinity of a Pomeranchuk instability. Our results depend on the ratio between the fermionic parameter N and the number of flavors of boson N b .
As N/N b → ∞, the system is described by z = 2 boson dynamics and the conduction electrons show Fermi-liquid behavior. As N/N b is reduced, the dynamical exponent decreases and the conduction electrons become nonFermi-liquid. For N/N b → 0, the boson dynamics become undamped with z = 1, and we find a non-Fermi liquid with a fermion self-energy of the form ω
745 . This is in good agreement with perturbative results obtained by Fitzpatrick et al. [20] .
The soft frequency regulators that we use in our calculation capture the feedback of soft particle-hole excitations on the boson, which are outwith the scope of the hard cut-off theory extrapolated to = 1 [20] . Therefore in our calculation the fermions renormalize the bosonic sector much more strongly, causing a departure from z = 1 and a significant weakening of the non-Fermi liquid effects. As the number of boson flavors is increased, the fermionic fluctuations are subdued and the theory reverts to the hard cut-off results.
A worthwhile extension to the work presented in this Letter would be to consider the two-channel problem, retaining both forward-scattering and pairing channels. Experimentally the nematic phase has been observed in close vicinity to a superconducting state, and theory suggests that nematic fluctuations enhance superconductivity [27] . It would therefore be interesting to investigate the interplay of nematic and superconducting phases and determine whether the Pomeranchuk instability fixed point remains stable.
Supplemental Material

COMPUTING THE FLOW EQUATIONS
The flow equations can be computed via expanding the flow equation for the effective average action (1)
Where Γ
Λ,0 denotes the field independent propagator terms and ∆Γ (2) Λ denote the field dependent fluctuation terms. The regulator derivative is defined ∂ R Λ = i=f,b ∂ Λ R i ∂ ∂Ri with R f and R b defined in the Letter. The ansatz for the effective action can be plugged in to (22) and the beta functions obtained by matching coefficients.
The fermionic propagator is given by
Discarding the feedback of η f τ and η f x as small corrections to the flow, the fermionic single scale propagator is given by
The prime denotes a scale derivative acting only on χ(ω, Λ) = ω 2 /(ω 2 + Λ 2 ). The bosonic propagator is given by
The bosonic single scale propagator is
For the fermionic momenta k F does not scale under the RG [6] . scales towards the Fermi surface. The angle θ also does not scale. The measure for fermionic type integrals is [7] 
The frequency and momenta have been rescaled
For integrals over purely bosonic frequencies and momenta, no prior knowledge of the Fermi surface structure is assumed thus both q x and q y must scale under the RG. The measure for bosonic type integrals is
with the rescaled frequency and momenta a = Ω/Λ,
More precisely the absolute momentum of the boson should be constrained to 2k F to remain in the particle-hole continuum, then the rescaled integral limits become −∞ to ∞ only in the IR limit as Y → ∞.
FLOW EQUATIONS WITH PURE FERMIONIC AND BOSONIC CONTRIBUTIONS
The flow equations for the bosonic parameters arise from diagrams with purely bosonic and fermionic lines. The flow of the boson mass term is given by
The flow of the boson self interaction is given by
The flow of the bosonic frequency is given by
The flow of the bosonic momentum is given by
The bosonic contribution to the flow of the boson mass is given by
Rescaling to a dimensionless form the integral becomes
(34)
Performing the a integration and making the substitution u =
All further integrals containing only bosonic propagators are performed in the same fashion. It is therefore simple to compute higher order bosonic interactions such as sextic or higher order vertices. The fermionic contribution to the flow of the boson mass is given by
Performing the integral over θ and rescaling to a dimensionless form the integral becomes
Now performing the b integral
The final integral can be performed via contour integration to obtain
Naively the integral above vanishes in the IR limit Y → ∞ however introducing the dimensionless parameter N = k F /k UV an additional factor of Y is required to obtain the correct power of Λ.
The flow of the dimensional mass (29) is then
Rescaling the parameters to a dimensionless forms (10) gives the mass beta function (11) . Considering the flow of the bosonic self interaction (30) the fermionic contribution is of order O(Y −2 ) and vanishes in the IR. Calculating the bosonic contribution the dimensional flow equation is
leading to the beta function (12) . Considering the fermionic contributions to flow equations (31) and (32), the contribution to (32) vanishes due to the momentum derivatives causing the integral to be of order O(Y −2 ). The bosonic contributions to the flow equations (31) and (32) 
FLOW EQUATIONS WITH MIXED BOSONIC AND FERMIONIC LINES
The Yukawa vertex and fermion self energy terms are given by diagrams with mixed internal lines. The flow of the Yukawa vertex is given by
The flow of the fermion frequency term is given by
The flow of the fermion momentum term is given by
For diagrams with mixed internal lines the momentum transfers q and k − k should be indistinguishable in the bosonic lines. The momentum transfer is given by
This suppresses the contribution to the flow equations for all values of theta other than 1 − cos θ of the order O(1/k 2 F ). Therefore the term in square brackets can be discarded as it is of order O(1/k F ) [20] . This can be seen by considering the flow of the Yukawa vertex where has been set to zero in (46).
Rescaling ω and the flow equation becomes
For N large the 1−cos θ term contributes only when θ is small. Therefore taking the first term in the Taylor expansion for 1 − cos θ ≈ θ 2 /2 and approximating the angular integral limits ±1/N the parallel momenta are constrained such The limit Y → ∞ can then be taken prior to performing the integrals. In the IR this integral is then indistinguishable from an integral over bosonic momenta q with the measure (28).
To compute the above integral it is simpler to consider the general integral 
To evaluate the integral containing the arctangent overestimate the integral with the leading order term in the expansion arctan(x) ≈ x. For the flow equations (43-45) the only surviving contribution when taking the necessary β, γ or δ derivatives in the z → 0 limit corresponding to the overdamping of the boson is
(βa 2 + γ)
Taking z → 0 and defining the function F (β, γ, δ) all the flow equations with mixed internal lines can be computed from F (β, γ, δ) = − 1 4π
The flow equation (43) becomes
The flow equation (44) becomes
The flow equation (45) becomes
Utilizing the definitions of the anomalous dimensions within the Letter and rescalingg leads to the anomalous dimensions (14) , (17) and (16) respectively.
